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Introduction

Suppose X is a zero-mean Gaussian random vector with covariance g, and we
make observations of the form

Zp = h} X + Ny, (1)

where NV;’s are independent zero-mean Gaussian random variables with variance
02, and hy’s are given constant observation vectors (generalization to matrices
is straightforward). Our goal is to estimate X given Z1,..., Z, in a computa-
tionally efficient manner.

Thanks to the problem setup, all of the random variables are zero-mean
Gaussian, and therefore, it follows that the unbiased minimum variance es-
timator of X in terms of Zi,...,Zk, namely E(X|Z1, Zs,...,Zy), is a linear
combination of Z;’s. We specifically want to update our estimate in an online
fashion, as we make more and more observations, and use all the history, but
without keeping all of the observations in the memory. The RLS algorithm
provides a solution for this problem.

In the following, I will first give a characterization of the solution. Then, I
will introduce an equivalent problem, which is usually used to motivate RLS,
that does not refer to random variables. After that, I will derive the RLS
algorithm, using the stochastic framework outlined above.

Characterization of the Solution

Suppose we stack Z;’s to form a matrix Z; = [Zl Zk]T. Considering X
to be a length-m random (column) vector, the problem we are trying to solve is

. o 2
L min E(|IX - A2 [3). (2)

After some algebra, we can write down the optimal A as

A=E(X ZI) E(Z, Z])~ . (3)



In order to write down an expression for these expected values, set Hy =
[hl hoy ... hk]T. Then, we find

E(X Z;) = o Hj, (4)
R(Z Z") = H X0 HY + 0 1. (5)

In principle then, the problem reduces to keeping track of the inverse of the
matrix HpYXo H g +02 1 as k increases. In the following, we follow an equivalent
but different course to derive RLS. Before that, though, I discuss an equivalent
formulation that is more frequently used to when introducing RLS.

‘Deterministic Setting’

An equivalent formulation can be obtained by making use of the properties of
Gaussian random variables. For that, suppose the random experiment respon-
sible for producing X along with noise terms Ny has been performed, and we
observed Z; = z;, for 1 < ¢ < k. We would like to find the actual realization
of X. Adopting the expected square error as the loss to minimize, the solution
is E(X|Zy = #1,...,Z; = 2z). Thanks to all of the random variables being
Gaussian, this expected value is actually the only mode of the posterior pdf
[x121,...2:(x]21,. .., 21). Therefore, it suffices to look for the maximizer of this
posterior pdf.
Note now that the posterior pdf satisfies

f)(|Z1,..‘Z;c (J?‘Zl, DR} Zk:) 08 fZ17...Zk|X(Z17 ERE) Zk;|33) fX(x) (6)

Taking logarithms, and plugging in the expressions for the pdfs, we find

arg m;xx fX|Zl,...Zk (xlz1,. . 2k) (7)

= argmin—log(f2,_z,x (21, 24l2) fx (@) ®)
1 1

= argrrzin 257 ; (z; — bl x)* + 3 DI (9)

Solving for the minimizer, we find (using the definition of H}, above)

21
(1 A .
&= <02HTH+201) HT ||, (10)
2k
Note that the matrix A = (HT H/o? + $5')~! HT estimating & from the

observations appears to be different than A = So HF (HyXo HE + 02 1)~! we
derived above. However, they are in fact equal. To see this, multiply both



matrices on the right by C' = (HT H/o? + $5'). This gives,

CA=HT (11)
1
CA=— HI S0 HE (H o HY +0* 1)+ HY (HySo HE + 02 1)1
(12)
1
== HF (H X0 HE +0? )P HyXo HY + HE (H X0 HE + 02 1)1
(13)
= HI (HXo H + 1) (Hy X HE +6%1) (14)
=H! (15)

Thus, both approaches yield the same solution, as expected.

The Algorithm

We finally consider the derivation of the RLS algorithm in this section.
Let

Xe =B(X|Zy, Zs, ..., Zx) (16)
denote the optimal estimator of X given Z1, ..., Z, and define an error sequence
Ep =X — X. (17)

Let us denote the covariance of Ej for 1 <i < k by Xj. Also, let
Cr = E(XT Ey). (18)

Suppose now that we receive the observation Zy.1. RLS provides expressions
for Xx11, Xk+1, and Cly1, starting from Xy, X, and Cj.
First, observe that

Ziy1 = bl (Xp + Eg) + Niy, (19)
so that
Zir = Wiy Xi = Wiy Bi + Ny (20)

But E(Ey Z;) = 0 for i < k, by the orthogonality principle. Also, since
E(Ng41 Z;) = 0 for ¢ < k, the random variable Zj,1 defined as

Zk+1 IZZk+1 - h{_i_l Xk (21)
=hfp1 Bi + Ny (22)



is independent of Z;’s. As a consequence,

X1 = E(X|Z111, Zhs -, Z1) (23)
= EB(X|Zt1, Zir - - -, Z1) (24)
=E(X|Zpy1) + E(X|Zy, ..., Z1) (25)
= E(X|Zk11) + Xi. (26)
Thanks to normality of the random variables, we can write
~ ~ ~ —1 ~
E(X|Zk1) = B(X Zyi1) E((Zks1)2) " Zisn. (27)
We need the two expected values, E(X Zj1), and IE((Z;CH)Q).
First note that
E(X Zpy1) = E(X EF hpy1) + E(X Niy1) = C hiy - (28)
We also have,
var(Zgs1) = hi o 21 hiyr + 02 (29)
So, the update equations are
Xit1 = O higgr (hiy Sr hiegr +0%) ™ (Zipr — by Xi) + X (30)
In order to implement this, we also need update equations for Cj, and .
Now define Fy41 = Cy hk-‘rl(thrl 3 hgy1 + 0'2)71 so that,
X1 = Frosr (Zrpr — BEq X)) + X (31)
= Fy+1 (W1 B + Nig1) + Xy (32)

where we used (20) in the last line. Subtracting this from X, we obtain a
recursion equation for Fj, as

Eyy1 = By — Fyy1 (hfy 1 Ex + Nis1) (33)
= (I = F1 Migy1) B — Fig1 Niyr. (34)

It is now easier to see that
Crp1 =EX EL ) = Cu(I — hiy1 FL ), (35)
and

D1 = E(Brp1 Bgpy) = (I=Fiepr hig ) Sn (I=hieyr B ) +0° Fiopy B (36)



